The modal characteristics of structures are usually computed disregarding any interaction with the soil. This paper presents a finite element-perfectly matched layers model to compute the modal characteristics of 2D and 3D coupled soil-structure systems while taking fully into account dynamic soil-structure interaction. The methodology can facilitate the interpretation of experimentally identified modal characteristics by assessing the importance of dynamic soil-structure interaction.
Introduction
The modal characteristics of structures are usually computed with finite element models disregarding any interaction with the soil. These modal characteristics can differ from the ones identified by means of experimental modal analysis [1] . Finite element updating is used to reduce the discrepancy between numerically predicted and experimentally identified modal characteristics by appropriately calibrating model parameters [2] . Dynamic soil-structure interaction (SSI) affects the modal characteristics due to the more flexible support conditions and the dissipation of energy in the soil [3] . Disregarding dynamic SSI might result in poor correspondence between numerical and experimental modal characteristics. Effects from dynamic SSI might be erroneously lumped to structural parameters during finite element updating, leading to model errors adversely affecting accurate prediction of structural vibration. Dynamic SSI can be accounted for by using coupled finite element-boundary element (FE-BE) formulations [4] or finite element formulations in conjunction with absorbing boundary conditions (ABC) [5] or perfectly matched layers (PML) [6] . In these models, the influence of the semi-infinite extent of the soil is explicitly taken into account by allowing the radiation of elastodynamic waves.
The computation of the modal characteristics of these coupled soilstructure models requires the solution of non-linear eigenvalue problems which are more challenging to solve than the generalized eigenvalue problem. This paper presents a FE-PML model facilitating the computation of the modal characteristics of 2D and 3D coupled soilstructure systems. These results can support the interpretation of experimentally identified modal characteristics by quantifying the influence of dynamic SSI. Ultimately, the FE-PML model can be used in vibration based finite element updating where both soil and structural parameters are calibrated. Fig. 1 shows the FE-PML model used to compute the modal characteristics of coupled soil-structure systems. The structure Ω b is partially embedded in a stratified soil Ω s e . The computational domain Ω is composed by the generalized structure
FE-PML model
e modeled with FE and the PML buffer zone Ω p simulating the truncated unbounded soil at Σ rp . The virtual work equation for the generalized structure Ω r in the frequency domain is:
where  u is the displacement vector, is the stress vector collecting the elements of the symmetric stress tensor σ ij , C is the constitutive matrix, ρ is the density, t n are applied tractions with n the unit outward normal vector andv is a kinematically admissible virtual displacement field on Ω. A hat above a variable denotes its representation in the frequency domain. The last integral on the right hand-side is the interaction term on Σ rp with the PML buffer zone Ω p where the traction equilibrium
holds. Complex coordinate stretching is applied inside the PML buffer zone Ω p in order to artificially attenuate the elastodynamic waves [6, 7] . For a coordinate s, representing the x, y or z coordinate, the stretched coordinate s͠ is defined as: polynomial functions controlling the attenuation of the evanescent and propagating waves inside the PML buffer zone [8] . Introducing the complex coordinate stretching (2), the equilibrium equation of the PML buffer zone Ω p is:
where the differential operators L x , L y and L z are defined as: 
Similarly, the kinematic equation of the PML buffer zone in stretched coordinates, using  = ϵ σ D with D the compliance matrix, is:
The mixed formulation of Fathi et al. [9] is used for the modeling of the PML buffer zone Ω p where both displacements and stresses are retained as independent variables. The equilibrium Eq. (3) and the kinematic Eq. (5) are treated independently. The integral form of the equilibrium Eq. (3) is obtained by considering a kinematically admissible virtual displacement fieldv on Ω, integrating by parts the terms depending on  σ and applying the divergence theorem:
where the integral on the right hand-side is the interaction term with the generalized structure Ω r . The integral form of the kinematic Eq. (5) is obtained by considering a virtual stress fieldτ on Ω:
The dynamic SSI problem is formulated by taking into account the equilibrium of tractions on the interface Σ rp . Adding Eqs. (1) and (6) yields:
The combined integral Eqs. (7) and (8) describe the dynamic response of the coupled soil-structure system. A standard Galerkin procedure is followed in the FE implementation. The displacement field  u and the virtual displacement fieldv are approximated as   ≃ u N u u and≃ v N v u with N u a matrix containing globally defined shape functions. Similarly, the stress field  σ and the virtual stress fieldτ are approxi-
Since Eqs. (7) and (8) hold for any kinematically admissible virtual displacement fieldv and virtual stress fieldτ , the following system of equations is obtained:
where the block matrices are defined as follows:̂̂∫
The system of Eqs. (9) is factorized into a rational form. In order to improve the conditioning of the system and preserve its symmetry, auxiliary stress variables  = − σ ωβ ŝ (i ) 1 are introduced and the last row of the system is multiplied by ωβ i where the scaling factor β depends on the stiffness and inertial parameters of the FE-PML model: 
Using Eqs. (10)- (12) and (14)- (17), the system of equations (13) is factorized as: 
where the block matrices are defined as follows:
Although the FE-PML formulation is rather involved, the final form of the system matrices (19)- (23) is simple and can be easily implemented in existing finite element codes with minimum intervention. The system of Eqs. (18) corresponds to the following rational form:
For 2D problems in the kl-plane the polynomial products ofωλ
in Eq. (13) are quadratic and the matrix ∼ D drops from the system of equations. In this case, Eqs. (21)-(23) apply for ≥ j 0 with the stretch function parameters α s 0 and α s 1 of the non-active coordinate s equal to one.
Solution of the eigenvalue problem
The modal characteristics of the coupled soil-structure system are obtained by solving the rational eigenproblem: , the following linear matrix pencil λ Q( ) can be used in the 2D case [11] :
where
. A compact rational Krylov (CoRK) eigensolver is used [12] . This eigensolver exploits the Kronecker structure below the first block row of the linearization pencils (26) and (27) and involves only matrix and vector operations of the original non-linear dimension n instead of n 3 for (26) and n 2 for (27) [13] . In the case of large-scale problems, the extra memory and orthogonalization cost due to the linearization of the original eigenproblem becomes negligible. Since only a subset of the eigenpairs ψ λ ( , ) m m of the coupled soil-structure system is usually of interest, the search of eigenvalues can be limited to the neighborhood of a few fixed base structure eigenfrequencies ω rs (Fig. 2a) .
The eigenpairs ψ λ ( , ) m m might correspond to modes of the coupled soil-structure system or non-physical modes of the PML. The real part of the eigenvalues λ m is always negative for modes of the coupled soilstructure system ensuring that energy can only be dissipated within the system. These modes can be sorted into modes of the superstructure which tend to have small to moderate damping and modes of the generalized structure which generally are heavily damped. The former modes are of interest. The non-physical modes of the PML might have eigenvalues with positive real part. These are related to the stability issue of most PML formulations in the time domain. The cut-off frequency of these modes depends on the PML stretch function formulation. In order to assure that these modes lie well outside the frequency range of interest, the PML formulation can be verified by computing the fundamental solutions of the soil Ω s e in the frequency range of interest and examining their agreement with known solutions [14] . 
where A m c is the circular area in the complex plane that is defined by the modal displacement ψ km of the superstructure with the largest magnitude and A m p is the convex area in the complex plane that enfolds all the modal displacements ψ km of the superstructure. The MCF takes values from 0 to 1 with a value close to 1 indicating a (virtually) real mode.
Example
The methodology is demonstrated by computing the modal characteristics of the Europroteas test structure (Fig. 3a) which was specifically designed to study dynamic SSI [16] for the torsional mode [17] . The numerically predicted modal characteristics f m r and ξ m do not match perfectly the experimentally identified ones f * m r and ξ * m t . However, they are a significant improvement when compared to the modal characteristics of the fixed base model. If dynamic SSI is disregarded in finite element updating, its effects will be eventually lumped to structural parameters, adversely affecting the accuracy of the updated model. The modal characteristics of the Europroteas test structure considering dynamic SSI can be employed in vibration based finite element updating where both soil and structural parameters are updated.
Conclusions
This paper presents a FE-PML model to compute the modal characteristics of 2D and 3D coupled soil-structure systems. The model is developed using a mixed formulation for the PML where both displacements and stresses are retained as independent variables. The resulting eigenproblem, which has a rational form in 3D problems and a quadratic form in 2D problems, is solved using a compact rational Krylov eigensolver. The FE-PML model can be used to assess the influence of dynamic SSI on experimentally identified modal characteristics with potential application in vibration based finite element updating where both soil and structural parameters are calibrated.
